ABSTRACT. In this article, we prove that the Chow group of algebraic cycles of a smooth cubic hypersurface X over an arbitrary field k is generated, via the natural cylinder homomorphism, by the algebraic cycles of its Fano variety of lines F (X), under an assumption on the 1-cycles of X/k. As an application, if X/C is a smooth complex cubic fourfold, using the result, we provide a proof of the integral Hodge conjecture for curve classes on the polarized hyper-Kähler variety F (X). In addition, when X/k is a smooth cubic fourfold over a finitely generated field k with char(k) = 2, 3, our result enable us to prove the integral analog of the Tate conjecture for 1-cycles on F (X).
Introduction
Let X ⊂ P n+1 k be a smooth cubic hypersurface of dimension n ≥ 3 over a field k, and let F := F (X) be the Fano variety of lines on X. The universal family of lines P := {([ℓ], x) ∈ F (X) × X | x ∈ ℓ} is a P 1 -bundle over F . Denote by p : P → F and q : P → X the natural projections. As a correspondence of X × F , P induces a group homomorphism on the Chow groups (0.0.1) P * = q * p * : CH r−1 (F ) −→ CH r (X)
for any integer r ≥ 1, which is called the cylinder homomorphism of Y . Let Y be a smooth cubic hypersurface over an algebraically closed field of dim Y ≥ 5. A classical result of Paranjape says that any 1-cycle on Y is generated by lines. In other words, the cylinder homomorphism (0.0.1) of Y is surjective when r = 1. In [13] M. Shen proved, through more involved analysis on the geometry, that the Chow group CH 1 (X) of a smooth cubic X with dim X ≥ 3 defined over an algerbaically closed field is generated by lines. His conclusion extends to the cases of dim X = 3, 4, where in general X does not contain a plane such that Paranjape's approach does not apply.
The same result is also obtained by Z. Tian and R. Zong in [17] using the deformation of rational curves, where they proved that the Chow groups of 1-cycles on rationally connected Fano complete intersections of index at least 2 are generated by lines.
The main ingredient of M. Shen's proof is to establish the following two crucial relations of 1-cycles on X:
Proposition 0.1. [13] Let X ⊂ P n+1 k be a smooth cubic hypersurface over an algebraically closed field k with n ≥ 3. Denote by h the divisor class of the hyperplane on X. Suppose that γ 1 , γ 2 ∈ CH 1 (X) are 1-cycles of degree e 1 and e 2 respectively.
(i) There exists a 0-cycle γ ∈ CH 0 (F ) such that (2e 1 − 3)γ 1 + q * p * γ = ah n−1
in CH 1 (X) for some integer a. In particular, if γ 1 is an irreducible curve C in general position, then γ is represented by the secant lines of C. (ii) We have 2e 2 γ 1 + 2e 2 γ 2 + q * p * γ ′ = 3e 1 e 2 h n−1
in CH 1 (X), where γ ′ = p * q * γ 1 · p * q * γ 2 ∈ CH 0 (F ).
It is not known yet whether the cylinder homomorphisms of smooth cubic X are surjective for higher dimensional cycles and for X defined over a non-closed field. Nevertheless, according to the study in [12] , based on a geometric interpretation of the Hilbert square X [2] by Voisin in [18] , the proof of the above proposition could be adapted to X defined over an arbitrary field such that the cycle relations remain for curve classes.
The main aim of this article is to generalize the above two formulas to higher dimensional cycles and use them to study the surjectivity of the associated cylinder homomorphisms. Precisely, we prove that Theorem 0.2. Let X ⊂ P n+1 k be a smooth cubic hypersurface over a field k, and let F := F (X) be its Fano variety of lines. Denote by h the divisor class of hyperplane on X. Suppose that Γ ∈ CH r (X) is an algebraic cycle of dimension r with degree e := Γ · h r . Then there exists an algebraic cycle γ Γ ∈ CH r−1 (F ) such that
for some integer a. Moreover, if we assume that X/k admits a degree one 1-cycle defined over k, then for any r-dimensional algebraic cycle Ξ on X with r > 1 we have
The formula (0.2.1) is inspired both by the equation (i) in Proposition 0.1 and the result in R. Mboro's paper [8] , where he proved it by assuming Γ ⊂ X is a subvariety in general position or a smooth subvariety. The argument we use in this article could circumvent that constraint.
If we focus on an algebraically closed field k, the assumption of the existence of a degree one 1-cycle on X/k is fulfilled. Then Theorem 0.2 concludes that the cylinder homomorphisms of X are surjective modulo the hyperplane section classes. Moreover, under this situation, we prove that the hyperplane section classes, except the divisor classes h, are also generated by algebraic cycles from F (X). As a consequence, the cylinder homomorphism CH r−1 (F (X)) → CH r (X) is surjective except for the group of divisor classes, see Corollary 2.5.
In Section 3, we turn to apply our results to the integral Hodge conjecture and the integral analog of the Tate conjecture.
Let X be a smooth cubic fourfold over the complex numbers C. Beauville and Donagi showed that its Fano variety of lines F (X) is a polarized hyper-Kähler variety of K3 [2] -type. As a result of the surjectivity of the cylinder homomorphism, we prove the integral Hodge conjecture for 1-cycles on F (X) in Theorem 3.1, namely any integral Hodge class in H 6 (F (X), Z) is algebraic. Recently, G. Mongardi and J. C. Ottem [10] proved the integral Hodge conjecture for 1-cycles on hyper-Kähler varieties of K3-type and the generalized Kummer type. Our conclusion provides a different proof of a particular case of them.
Assume that X is a smooth cubic fourfold over a field k finitely generated over its prime subfield. Letk be the separable closure of k. It is natural to consider the integral Tate conjecture of the Fano variety of lines F := F (X). In other words, is the cycle class map
G surjective? where G denotes the absolute Galois group Gal(k/k) and the prime number ℓ = char(k). The answer to the Tate conjecture for divisors on F over a number field or a finite field is affirmative due to Y. André [1] and F. Charles [4] . By Deligne's hard Lefschetz theorem, it also holds for 1-cycles with rational coefficients on F . However, the integral Tate conjecture for 1-cycles fails in general, e.g. Kollár's examples of certain smooth 3-fold in P 4 , see [2] . Nevertheless, C. Schoen addressed a similar but weaker conjecture in [11] : let Y be a smooth proper k-variety, and a prime ℓ = char(k), the following cycle class map
U is surjective, where the direct limit is over the open subgroups U of the absolute Galois group G. Our result could apply to the integral analog of the Tate conjecture for 1-cycles on F (X). To be precise, let k be a finitely generated field with characteritic different than 2 and 3, we prove the cycle class map
is surjective for all prime numbers ℓ = char k, see Corollary 3.4. Actually, this statement is predicted to be true in general. As an evidence, if k is a finite field, C. Schoen proved that (0. 
The Hilbert square of cubic hypersurfaces
The proof of Theorem 0.2(cf. Theorem 2.3) is based on the geometry of thr Hilbert schemes of two points intially studied by S. Galkin and E. Shinder in [7] . In this section, we first recall this geometric backgrounds and prove several necessary lemmata, then the main theorem follows in Section 2.
Let X/k be a smooth cubic hypersurface X ⊂ P n+1 k , let F := F (X) be the Fano variety of lines on X. We denote by P X := P(T P n+1 | X ) the projective bundle over X of the tangent bundle T P n+1 .The Hilbert scheme X [2] of subschemes of X length two admits a birational map Φ : X [2] P X defined as follows.
To a point τ ∈ X [2] , one associates the unique k-rational line ℓ τ ⊂ P n+1 passing through τ . For generic τ , the line ℓ τ is not contained in X and hence corresponds to a unique k-point z ∈ X as the residue point of the intersection ℓ τ ∩ X. Then we define Φ(τ ) = (ℓ τ , z). Inverting this process gives the inverse map Φ −1 . The incidence variety P := {(ℓ, x) ∈ F × X | x ∈ ℓ}, which is a closed subvariety of P X , is the universal family of lines p : P := P(E ) → F of the tautological rank two vector bundle E on F . The induced P 2 -bundle p 2 : P(Sym 2 E ) := P 2 → F (X) whose fiber is the length 2 subschemes supported on lines contained in X.The birational maps Φ(resp. Φ −1 ) is not well-defined only on the subvariety P 2 of X [2] (resp. the subvariety P of P X ). In [18, Proposition 2.9], Voisin proved that Φ can be resolved by the blow up X [2] of X [2] along the subvariety P 2 , and the induced morphism Φ : X [2] → P X coincides with the blow-up of P X along the subvariety P . Moreover, the exceptional divisors of the two blow-ups are the same, hence let us denote it by E. We use the following diagram to summarize the above descriptions.
(
We have the following simple lemma on algebraic cycles: Lemma 1.1. Use the notations as above. For any algebraic cycle
Proof. Since E · τ * Ξ = j * j * τ * Ξ, the formula immediately follows from the commutativity of the diagram (1.0.1) and the commutativity of the flat-pullbacks and proper pushforwards on cycles of the diagram (1.0.2).
Consider the natural proper morphism
that associates a point τ ∈ X [2] to the unique k-lines in P n+1 . For the tautological rank 2 vector bundle E over G(2, n + 2), the [2] : Q → X [2] be the pull-back of P(E ) via ϕ, and let α : Q → P n+1 be the composition. Indeed, the blowing up τ : X [2] → X [2] can be interpreted as one component of the divisor α −1 (X) in Q which has degree one over X [2] . Since X is a cubic hypersurface, another component of α −1 (X) having degree two over X [2] , is the blow-up X × X of X × X along the diagonal. The above description is summarized by the following cartesian diagrams
For the conventions, we also give the following diagram
where p 1 is the projection to the first factor. Lemma 1.2. With the notations as in (1.1.1) and (1.1.2), given any algebraic cycle W ∈ CH i (X [2] ), we have
Proof. As a correspondence of X [2] × P X , the action induced by the algebraic cycle
] on the Chow group of X [2] , as seen from the commutative diagram (1.1.1), is the push-forward of ϕ then followed by the pull-backs of
Therefore, the action of the component X [2] on the Chow group of X [2] is
After pushing-forward to X, we get the equality.
Let X ⊂ P N be a smooth projective variety. There is a natural rational map from X × X to the Hilbert scheme of two points X [2] with the indeterminacy along the diagonal ∆ X . The Blow-up of X × X along the diagonal ∆ X resolves the rational map. We thus have a diagram as follows:
Assume that Γ is a symmetric codimension r algebraic cycle in X × X that is not contained in the diagonal ∆ X , i.e. no irreducible component of Γ is entirely supported in ∆ X . Then there exists a codimension r algebraic cycle Σ in X [2] such that
Proof. Voisin presented the proof for r = n in [18, Corollary 2.4]. Our argument here is the same. Assume Γ = Z 1 +Z 2 where Z 1 = n i Z 1,i is a linear combination of irreducible subvarieties Z 1,i of X × X and invariant under the involution i, and
Since σ is a flat morphism, we have
Which verifies that Σ is the desired algebraic cycle.
With the notations as in (1.1.1) and (1.1.2), given two algebraic cycles α, β ∈ CH * (X), we write
Lemma 1.4.
Recall that E is the exceptional divisor of the blowing up τ :
. Let h X be the restriction of the hyperplane class h of P n+1 to the cubic hypersurface X, let h Q ∈ Pic(Q) the pullback of h to Q via the morphism α : Q → P n+1 , see (1.1.1), and let δ ∈ Pic(X [2] ) the half diagonal divisor of X [2] such that σ
and
Proof. See [12, Lemma 4.3] 
Main results
Proposition 2.1. Let Γ ⊂ X be an closed subvariety of dimension 1 < r with degree e := Γ · h n−r X , where h X is the restriction of the hyperplane class of P n+1 to X. Assume that there exists a degree one 1-cycle l in CH 1 (X). With the notations as in the diagrams (1.1.2) and (1.2.1),
(1) there exists an algebraic cycle Γ ′ of dimension r + 1 on X [2] such that
and there exits an algebraic cycle Γ ′′ of dimension 2r on X [2] such that
Proof. For the assertions in (1), we have a symmetric algebraic cycle Γ × l + l × Γ on X × X of codimension n + r − 1. It follows from the Lemma 1.3 that there exists a cycle
It also induces the second formula
and similarly for the third one
We thus proved the assertions in (1) . By the linear extension, the formulas hold for algebraic cycles.
In the second assertion, we consider the closed subscheme Γ × Γ on X × X. Recall Lemma 1.3 that it exists a dimension 2r algebraic cycle Γ ′′ ∈ CH 2r (X [2] ) 
If l = 0 and k < r, we have
When k = r and l = 0,
Now assume 1 ≤ l ≤ r − 1. Recall the excess intersection formula
, where Q is tautological quotient bundle π * ∆ N ∆X /X×X /O(−1) on the exceptional divisor E ∆ , and s(Γ, Γ × Γ) is the Segre class of the closed subvariety Γ in Γ × Γ. We simply write the i-th Segre class
However, the π ∆ * (c t (Q)c 1 (O(−1)) l )) is equal to zero because t + l ≤ n − 2. At the end, for k = 0, l = r, if r < n, we have
If r = n, in other words, Γ = [X], it turns out that
Remark 2.2. (a)
The proof of the assertion (1) involves the existence of the degree one 1-cycle, which is not guaranteed in general. For algebraically closed fields, we could take the cycle l to be a line in X. Over non-closed fields, the case that a cubic hypersufrace containing no lines occurs, e.g. number fields or finite field with small orders, see [6] . (b) Unlike the assertion (1), the formulas of the assertion (2) can not be extend to algebraic cycles since they are not linear.
The above proposition implies the following main theorem.
Theorem 2.3. Let Γ ∈ CH r (X) be an algebraic cycle of dimension r > 1 with degree e. Suppose that there exists a degree one 1-cycle l in CH 1 (X). Then we have
(ii) There exists a cycle γ Γ ∈ CH r−1 (F ) such that
Proof. We first prove the above two cycle relations by assuming Γ is an irreducible closed subvariety, then present that the results of algebraic cycles are deduced from them. The notation Γ ′ is the algebraic cycle as same as in (1) of Proposition 2.1. Recall the Lemma 1.1 that
where γ = π F * i 2 * Γ ′ ∈ CH r−1 (F ). Then we use the relation
in the Lemma 1.4 to obtain:
The first term is
See Lemma 1.2 and Proposition 2.1. Similarly for the second term:
Therefore, we obtain the required relation
X . To get the formula (ii), we study the cycle class
where Γ ′′ is the algebraic cycle introduced in (2) of Proposition 2.1 and g = c 1 (ϕ * E ) = −h X⊗ 1 + δ(cf. Lemma 1.4). Notice that the cycle Γ ′′ · g r−1 has dimension r + 1.
Again use the same argument as above
Now apply the assertion (2) of the Proposition 2.1 we obtain
for an irreducible closed subvariety Γ.
To extend the result to the general case, assume that a r-dimensional algebraic cycle Γ ∈ CH r (X) can be written as i n i Γ i for distinct irreducible components Γ i with degrees e i . The conclusion of (2.3.1) holds up to scalars, thus we have
for each i.
Together with (2.3.2), we obtain
Corollary 2.4. Let X ⊂ P n+1 k be a smooth cubic hypersurface of dimension n ≥ 3 over a field k, and let F (X) be the Fano variety of lines. Assume that there exists a degree one 1-cycle in CH 1 (X)(or degree one 0-cycle in CH 0 (F (X))). Then the cylinder homomorphism
is surjective up to a hyperplane section class for any degree r.
Proof. The assertion for 1-cycles is due to M. Shen, see Proposition 0.1. The preceding two formulas of the algebraic cycle Γ imply the conclusion of our corollary for higher dimensional cases.
In the following, we show that the hyperplane section classes could be generated by algebraic cycles from F (X) if k is algebraically closed.
Let X be a smooth hypersurface over an algebraically closed field k. Consider the Abel-Jacobi map p * q * : CH r (X) → CH r−1 (F (X)) and the cylinder homomorphism q * p * : CH r−1 (F ) → CH r (X) induced by the incidence correspondence. We may choose a closed point x = [1, 0, . . . , 0] ∈ X. The cubic equation G defining X has the form
with homogeneous polynomial L(resp. Q, C) of degree 1(resp. 2, 3). Denote by C x the closed subscheme of F which parameterize the lines in X through the point x.
Since the lines in X passing through x is parameterized by the set of points
the closed subscheme q * p * C x in X is a subscheme of P n+1 cut out by
For a very general point x, the hyperplane L = 0 and the quadric hypersurface Q = 0 properly intersects, and the dimension of C x is n − 3. It follows that
, where H X is the hyperplane class.
Now we define C x,Xn−i to be the cycle class of F (X n ) represented by lines passing through the point x and lying in the i-th complete intersection of hyperplane sections, i.e. X n−i := H i Xn . Then C x,Xn−i indeed lies in F (X n−i ) and
Xn , j : X n−i ֒→ X n Therefore the equation (2.4.1) is generalized to the following:
On the other hand, we define a closed subscheme S ℓ of F (X) to be the lines in X meeting a generic line ℓ ⊂ X. The dimension of S ℓ is dim X − 2. Therefore the algebraic cycle q * p * S ℓ is a multiple of hyperplane class m · H X . The integer m is calculated by M. Shen's result of 1-cycle relations on cubic hypersurfaces (cf. [13, Lemma 3.10 
Now it is similar to the above that we define
Actually, the closed subscheme S ℓ,H j Xn parametrizes the lines in (n−j)-dimensional complete intersection X n−j := H j Xn meeting a generic line ℓ in X n−j . So it is a (n − j − 2)-dimensional closed subscheme of F (X n−j ) whenever n − j ≥ 3. Hence, we have
Corollary 2.5. Let X ⊂ P n+1 k be a smooth cubic hypersurface of dimension n ≥ 3 over an algebraically closed field k, and let F (X) be the Fano variety of lines. Then Chow group CH r (X) is generated by the Chow group CH r−1 (F (X)) via the cylinder homomorphism for all integer r < n − 1.
Proof. For r < n − 1, we take i = n − r − 2 and j = n − r − 1 in the aforementioned two formulas (2.4.2) and (2.4.3). It turns out that 3h n−r X and 5h n−r X are the images of algebraic cycles on F . Since gcd(3, 5) = 1, it concludes that h n−r X is generated by the algebraic cycles on F via the cylinder homomorphism. Hence the assertion is a direct consequence of Corollary 2.4. Remark 2.6. For cubic 4-folds, the divisor class h X is also covered by the cylinder homomorphism. In the precedent paragraph, q * p * S ℓ,X = 5h X . On the other hand, we have q * p * g 2 = 21h X , see [14, Lemma A.4] , where g is the first Chern class of the canonical polarization on F (X). In general, let c = c 2 (E ) be the second Chern class of the tautological vector bundle E . Suppose i + 2j = n − 2, then q * p * (g i · c j ) = k · h X (the integer k depends on i, j). If k is coprime to 5, the conclusion of Corollary 2.5 would be extent to the divisor classes of X. Proof. Assume α ∈ Hdg 6 (F (X), Z) is an integral Hodge class of degree 6. Since the cylinder homomorphism is a morphism of Hodge structure, thus q * p * α is an integral Hodge class of degree 4 of X. The integral Hodge conjecture of degree 4 for the smooth cubic 4-folds is affirmed by Voisin. Suppose that γ is the algebraic cycle such that [γ] = q * p * α. By Corollary 2.5, there exists an algebraic cycle Γ ∈ CH 1 (F (X)) such that q * p * Γ = γ. Then we have
By the Poincaré duality, the cylinder homomorphism
is dual to the Abel-Jacobi map
Beauville and Donagi [3] proved that the Abel-Jacobi map is an isomorphism. Therefore, the integral Hodge class α is algebraic.
Let X/C be a complex smooth cubic hypersurfaces of dimension n, the associated Fano variety of lines F (X) is a smooth projective variety of dimension 2n − 4. Let n be even. If the kernel of the cylinder homomorphism on cohomology
is algebraic, then the surjectivity of the cylinder homomorphism on Chow groups will show that the integral Hodge conjecture of F (X) follows from the integral Hodge conjecture of X. Ichiro Shimada proved in [15, §1] , that the kernel of Ψ ⊗ Q is generated by algebraic classes. Indeed, let G be the Grassmannian of lines in P n+1 , Ker Ψ Q is contained in the image of the natural restriction map im : (H 3n−6 (G, Q) → H 3n−6 (F (X), Q)).
So our hope now works only on rational cofficients. For instance, it is well-known that the rational Hodge conjecture holds for 4-cycles of a smooth cubic 8-fold X, see [16] . Hence, the rational Hodge conjecture for dimension 3-cycles on the Fano variety F (X) is true.
Tate Conjecture. Inspired by Theorem (3.1), it is natural to consider the problem of the integral Tate conjecture for 1-cycles on the Fano variety of lines on a smooth cubic fourfold X defined over a field k. We first show that the associated AbelJacobi mapping remains an isomorphism onétale cohomology. The following integral analog Tate conjecture for codimension 2-cycles of cubic fourfolds is proved by F. Charles and A. Pirutka. Theorem 3.3. [5, Theorem 1.1] Let k be a field finitely generated over its prime subfield with characteristic different from 2 and 3, and letk be the algebraic closure of k. If X ⊂ P 5 k is a smooth cubic fourfold. The integral Tate conjecture is true for the codimension 2-cycles on X. Precisely, for all prime number ℓ = char k, the cycle class map
U is surjective, where the direct limit is over the open subgroups U of the absolute Galois group G := Gal(k/k).
Now the result of the surjectivity of the cylinder homomorphism on Chow groups enable us to prove the following integral analog of the Tate conjecture for 1-cycles on the Fano variety of lines on cubic fourfolds. Corollary 3.4. Let X be a smooth cubic fourfold in P 5 k over a field k finitely generated over its prime subfield with characteristic different from 2 and 3. Let F := F (X) be the Fano variety of lines on X. Then the integral analog of the Tate conjecture for 1-cycles of F is true. In the other words, for all prime number ℓ = char k, the cycle class map 
